The oscillation of a circular cylinder in a uniform flow is not only one of the basic subjects of fluid dynamics, but is also a very important problem in fluids engineering. In the present paper, the cross-flow and in-line vibrations of a twodimensional circular cylinder were studied numerically. Both the forced and free vibrations were examined. Vortex shedding became synchronized with the forced cross-flow vibration at a frequency close to that of the Strouhal number of a stationary cylinder. With forced in-line vibration, vortex shedding began to synchronize with the frequency and also one half that of a circular cylinder at a higher vibration rate. With free vibration, the cross-flow vibration was excited when the natural frequency of the cylinder was near the stationary Strouhal number, and in-line vibration was observed near the natural frequency at around twice the stationary Strouhal number.
Introduction
Karman vortices are shed from a stationary two-dimensional circular cylinder in a uniform flow. Vibration is excited by the unsteady fluid dynamic force due to vortex shedding. Cross-flow vibration is observed at a frequency near the Strouhal number of a stationary circular cylinder and in-line vibration occurres at twice the Strouhal number. Structural damage to cylindrical bodies are often caused by this vortex-induced resonance. In-line vibration also causes fatal metal fatigue, as found in a past accident at a nuclear power plant.
There are many experimental studies on vortex-induced vibrations including works by King et al. 1) The findings are as follows: (a) Cross-flow vibration is excited when the natural frequency of a circular cylinder is close to vortex shedding, and in-line vibration is observed at twice that of vortex shedding; (b) Vortex shedding synchronizes with the natural frequency of a circular cylinder for the crossflow vibration; (c) In-line vibration is rapidly reduced as the structural stability parameter (the damping coefficient of a circular cylinder divided by the density ratio of the fluid to the solid) increases.
Sadaoka and Umegaki 2) numerically detected a lock-in phenomena where the vibration is restricted in the crossflow direction. The in-line calculations have rarely been found so far. Therefore, in the present paper, in-line vibrations are also taken into account in the free vibration of a circular cylinder. There are also analyses and experiments of forced vibrations, and synchronization between vortex shedding and both forced cross-flow and in-line vibrations have been observed. Forced cross-flow and in-line vibrations are also studied here in relation to vortex-induced free vibration.
Governing Equations and Solution Technique
We studied an oscillating two-dimensional circular cylinder in a uniform flow. The moving boundaries appear in the calculation, and the computational grid is stationary with respect to the body-fixed coordinates. The Navier-Stokes equations are used in the moving frame of reference. The coordinate moves as the circular cylinder translates. The nondimensional governing equations are: continuity:
momentum:
where p: pressure, Re: Reynolds number, t: time, v: velocity, x: grid coordinate. The Poisson equation for pressure is derived from Eqs. (1) and (2) . The MAC method is used and Eq. (2) and the Poisson equation are solved iteratively. These equations are expressed in the generalized curvilinear coordinate, the convection terms are discretized by the Kawamura scheme and the central difference is used for the rest of the terms. The computational grid is shown in Fig. 1 and is the same as that of Zhang et al. 3) for a circular cylinder. The velocity is given for the circular cylinder, and the pressure gradient of the body is given by Eq. (2). The inflow is assumed to be uniform, and the convection outflow condition is used. The first-order extrapolation is used for the rest of the boundaries.
Forced Cross-flow Vibration
The computational conditions for forced cross-flow vibration were the same as those used by Nagata et al. 4) The Rey-Ó 2005 The Japan Society for Aeronautical and Space Sciences nolds number Re was 100 (Taneda in Ref. 4) , the amplitude of the vibration A normalized by the diameter of a circular cylinder D was 0.2, and the non-dimensional frequency of the cylinder S c ranged from 0.08 up to 0.3, where the suffix c: cylinder, f: frequency, S f U=D: non-dimensional frequency, and U: uniform velocity.
In the present study, the frequency of vortex shedding was determined by Fourier analysis of the lift, although velocity fluctuation was used in the experiment.
The time history of the lift coefficient C l is shown in Fig. 2 . The frequency analysis of lift is shown in Fig. 3 , where the lateral coordinate is the non-dimensional frequency S. Two peaks are found at S ¼ 0:08 and 0.16 for S c ¼ 0:08. The frequency 0.08 corresponds to that of a circular cylinder S c , and 0.16 is regarded as the vortex-shedding frequency S v . This value 0.16 is the same as the Strouhal number of a stationary circular cylinder St at Re ¼ 100, and the vortex-shedding frequency S v (% St) might not be affected by cross-flow vibration in this condition. On the other hand, a peak is found only at 0.18 for S c ¼ 0:18, and vortex shedding was synchronized with the movement of a circular cylinder. This synchronization, i.e. lock-in, is also found at S c ¼ 0:15. At S c ¼ 0:25, the peak appears again at 0.16, and the vortex-cylinder synchronization is ceased. Figure 4 shows the relationship between the frequencies of a circular cylinder and vortex shedding, where the longitudinal coordinate represents the ratio S v =S c . The agreement with the experiment (Re different) 4) is satisfactory. The horizontal parts of the plot S v =S c ¼ 1 in Fig. 4 represent the lock-in synchronized phenomena (single peak in Fig. 3 ).
Forced In-line Vibration
The forced in-line vibration of a circular cylinder was measured by Yokoi et al. 5) who obtained the relationships between the frequencies of a circular cylinder and the vortex shedding for the given amplitudes and Reynolds numbers. As the amplitude ratio A=D increased, the vortex-shedding frequency S v began to synchronize more clearly with 0.5, 1, 2, 3, . . . times the frequency of a circular cylinder S c (lock-in). The higher the Reynolds numbers, the stronger the tendencies.
The flow patterns were classified into the following three categories 5) at the lock-in conditions S v =S c ¼ 0:5; 1; 2; 3; . . . as shown in Fig. 5 .
Type A is the lock-in at S v =S c ¼ 0:5; 1; 2; 3; . . .. The vortex shedding alternates as with Karman vortices, but the frequency of vortex shedding is not constant. The period of vortex shedding during the upstroke motion becomes shorter due to the higher speed relative to the flow, and the opposite happens during the down-stroke motion. The distance between the shed vortices is different along the upper and the lower vortex paths, and the staggered array is deformed. When this periodicity of deformation coincides with the oscillation of a circular cylinder, the vortex-shedding frequency observed in the long run becomes the lock-in at
Type B is the lock-in for S v =S c ¼ 1. A pair of symmetric vortices is formed and the frequency is the same as that of a cylinder. Type C is the lock-in for S v =S c ¼ 0:5. A pair of vortices shed from the cylinder forms a wavy vortex street and the shed frequency is one half that of the cylinder.
The present computational conditions were selected to match the experiment by Yokoi et al. 5) A stationary circular cylinder was analyzed for code validation. The time-averaged drag coefficient C d was 1.37, the rms value of the lift coefficient C l was 0.74, and the Strouhal number St was 0.24. These computed values were about 20%-25% higher than those obtained in past experiments with the same Reynolds number Re ¼ 490. This difference might originate in the two-dimensional setting as reported in many other calculations.
Flow type A (Fig. 5 ) is for Re ¼ 490, A=D ¼ 1:1, S c =St ¼ 0:06, 5) where St was defined as the vortex shedding frequency from a stationary circular cylinder. The computed vorticity of these conditions is shown in Fig. 6 . The vortex shedding from the upper and the lower shoulders alternates as with the Karman vortices. The amplitude of the lift in Fig. 7 seems to be modulated by the much lower frequency of the in-line vibration of a circular cylinder S c . The spectral analysis of the lift is shown in Fig. 8 . There are two peaks at S ¼ 0:23 and 0.26 (0.24 for stationary cylinder). The two peaks occur due to the difference of the relative speeds during the up-stroke and down-stroke motions. The frequency difference between these two peaks generates lift amplitude modulation. It seems that the lock-in phenomena are observed when the frequency of the lift modulation coincides with that of the cylinder.
Flow type B (Fig. 5 ) is for Re ¼ 490, A=D ¼ 0:1, S c =St ¼ 0:9. The calculated vorticity is shown in Fig. 9 . A pair of vortices is formed just behind the circular cylinder and develop gradually into an alternative vortex array as with Karman vortices. The vortex pair is shed once synchronously during a cycle of cylinder in-line motion. The lift and the drag are both synchronized with the cylinder in-line vibration (the drag otherwise has two times the frequency of the cylinder due to alternative vortex shedding). This is confirmed in the spectral analysis of the lift and drag (Fig. 11) .
Flow pattern C (Fig. 5 ) is for Re ¼ 490, A=D ¼ 0:9, S c =St ¼ 1. The calculated vorticity distribution is shown in Fig. 12 . The wavy flow passage of the vortex pairs is observed as reported in the experiment (Fig. 5C) . A pair of vortices and a single vortex are formed during a cycle of ).
May 2005 H. ASANO and E. MORISHITA: Computed Flow around an Oscillating Circular Cylinderthe in-line motion of the circular cylinder. The three vortices are formed alternately from the upper and the lower side of the cylinder, and they flow downstream together. The group of three vortices therefore appears to have one half the frequency of the circular cylinder. Figure 13 shows that the drag synchronizes with the movement of the cylinder, but the lift changes rather irregularly. While the drag also synchronizes with the motion of the circular cylinder in Fig. 14, the lift has peaks at 0.5, 1.5, and 2.5 times the frequency of the cylinder. As found in the flow visualization in the present computation (also in the experiment 5) ), a pair of vortices together with a single vortex were formed per cycle. The location of vortex shedding changes form the upper to the lower shoulders of the cylinder alternately from one cycle to the next. This flow pattern corresponds to one half the frequency of the lift spectrum, and may also cause the higher harmonics of 1.5 and 2.5.
Free Vibration

Model equations
The motion and flow of the circular cylinder must be solved simultaneously for the free vibration. The non-dimensional equations for the motion of a circular cylinder in two-dimensional free vibration are modeled as follows:
where f n : natural frequency of circular cylinder, m: mass of circular cylinder per unit length, x; y: coordinates normalized by D, and : damping coefficient. Equations (3) and (4) become
where a ¼ 2ð2 Á f n D=UÞ Á Re, b ¼ ð f n D=UÞ Á Re, and c ¼ D 2 =ð2 mÞ. The non-dimensional natural frequency of a circular cylinder S n can be expressed as
The ratio 2
is defined as the structural stability parameter 1) and the amplitude of the vibration is strongly dependent on this parameter.
Stationary circular cylinder
The vortex shedding frequency of a stationary circular cylinder was examined to determine the Reynolds number at the vibration excitation. Figure 15 shows the Strouhal number vs. Reynolds number 250-560. The natural frequency of the circular cylinder S n ¼ f n U=D ¼ 115=Re is also plotted. The natural frequency of the circular cylinder S n crosses the Strouhal number St at Re ¼ 510, and cross-flow vibration may be excited near this Reynolds number. The natural frequency of the cylinder also has a cross point with 2 Â St at Re ¼ 280, where excitation of in-line vibration is most likely.
Effect of Reynolds number on free vibration
The Reynolds number effect was studied for Case (1) of Table 1 , a ¼ 3:58, b ¼ 115, c ¼ 0:00429, and the Reynolds number was varied from 250 to 650 ( ¼ 3:63, S n ¼ 115=Re).
In particular, in-line vibration was examined for the structural stability parameter shown in Table 1 . It was found during the trial calculations that the amplitude of the in-line vibration became noticeable at Re ¼ 280 in cases (1), (2) , and (3) and at Re ¼ 500 in cases (4) and (5). In these cases, approximately the maximum in-line amplitudes were obtained. Figure 16 shows the amplitude of the cross-flow (A y ) as well as the in-line (A x ) vibrations of a circular cylinder. The cross-flow vibration is excited at around Re ¼ 480{530, and the amplitude decreases rapidly for Reynolds numbers below 480 and above 530.
The in-line amplitude has a peak at Re ¼ 280. The second even higher peak is found around at Re ¼ 500. This peak is generated by the induced drag and/or thrust component of the lift normal to the relative oblique flow onto a circular cylinder. The amplitude of the in-line vibration at Re ¼ 280 is relatively small compared to the cross-flow vibration, because the amplitude of the drag is about 10% that of the lift.
The frequency of the circular cylinder is shown in Fig. 17 , where S x is the in-line frequency and S y is the cross-flow frequency. U=ð f n DÞ ¼ 1=S n ¼ 4{4:5 is the region where the cross-flow vibration is excited. Both the in-line and cross-flow vibrations are synchronized with the natural frequency of the circular cylinder. The vortex shedding frequency is also the same as that of a circular cylinder. This means that synchronization in the cross-flow direction occurs. For the rest of the frequency range, the cross-flow frequency is the same as that of the Strouhal number for a Case 1 in Table 1 .
stationary circular cylinder, and the in-line frequency is twice the stationary Strouhal number. The loci of the circular cylinder are shown in Fig. 18 . At Re ¼ 510, the frequency of the cross-flow vibration is about the same as that of the in-line vibration, and the locus is elliptic. Elliptic loci were observed at Re ¼ 480{520. For the rest of the Reynolds numbers, the locus of a circular cylinder is like a figure 8, because the in-line frequency is twice the cross-flow frequency.
Stability parameter effect on in-line direction
Free vibration, especially in the in-line direction, was examined for the structural stability parameter shown in Table 1 . It was found during the trial calculations that the amplitude of the in-line vibration became noticeable at Re ¼ 280 in cases (1), (2) , and (3) and at Re ¼ 500 in cases (4) and (5) . These were the cases in which approximately the maximum in-line amplitudes were obtained. Vortex shedding occurred alternately from the upper and lower shoulders for the present Reynolds number range. The vorticity distribution at Re ¼ 500 is shown in Fig. 19 . The Karman vortex street is formed behind the cylinder. The vortices from the cylinder shown in Fig. 20 also at Re ¼ 500, are shed slightly upwards due to oblique relative flow of the cross-flow vibration. The in-line component of the lift is created and vibration in the in-line direction is induced. Therefore, the frequency in the in-line direction is necessarily the same as that in the cross-flow direction. Vortex shedding and the vibration of a circular cylinder were synchronized from the video version of Fig. 20 . An example when a pair of vortices is shed intermittently from a circular cylinder at Re ¼ 500 is shown in Fig. 20 .
The maximum amplitude of in-line vibration is shown in Fig. 21 for cases from (1) to (5) from Table 1 . The smaller the structural stability parameter, the larger the amplitude. Case (4) is larger than case (3) for the same structural stability parameter because case (4) has a larger Reynolds number.
The loci of a circular cylinder for the cases in Table 1 are shown in Fig. 22 . The loci are fundamentally figure 8s. The asymmetric loops are observed in cases (4) and (5) . The vorticity distribution is shown in Fig. 23 , and asymmetric vortex shedding is observed from a circular cylinder. This could be the cause of the asymmetric loci shown in case (5) . When the vortex shedding is examined carefully, two vortices are shed from the upper shoulder of the cylinder at the lower Table 1 . Fig. 19 . Vorticity. Case 1 in Table 1 , Re ¼ 500. Table 1 , Re ¼ 500. Cases in Table 1 . Re ¼ 280 for Cases 1, 2, 3, Re ¼ 500 for Cases 4, 5. dead position of the motion. One of the two vortices from the upper shoulder, (the closer one to the circular cylinder), is part of a pair of vortices, the other of which is formed at the lower shoulder of the cylinder. This type of flow phenomenon is not observed at the upper dead position of the cylinder motion.
After one cycle of vibration, the same vortex array appears as in the previous cycle. The upper and lower vortices are shed asymmetrically but synchronously with the motion of the cylinder. The asymmetric vortex shedding is stable and continuous. A flow with a pair of vortices was found in a previous experiment when the in-line vibration was excited, and this vortex pair might be found when the amplitude of the vibration exceeds a certain critical value.
Conclusions
A computational study was conducted on a two-dimensional oscillating circular cylinder.
Concerning forced cross-flow vibration of a circular cylinder, vortices were shed synchronously with motion of the circular cylinder around frequencies close to the stationary Strouhal number. The frequency of vortex shedding is the same as that of the stationary cylinder for the rest of the frequencies. The vortices appeared alternately from the upper and lower shoulders of the cylinder, and the Karman vortex street was formed in the wake both for the lock-in and the non-synchronized conditions.
Concerning forced in-line vibration of a circular cylinder, vortex shedding was the same as a stationary cylinder when the frequency of the vibration was small. As the frequency of the vibration increased, the vortex shedding synchronized with the motion of the circular cylinder and also with twice the period of the motion. The flow patterns differed greatly depending on the condition of the synchronization.
A circular cylinder in free vibration was investigated. The cross-flow vibration was excited when the natural frequency of the cylinder was close to the stationary Strouhal number, and the in-line vibration was enhanced at around twice the stationary Strouhal number. Vortex shedding synchronized with the natural frequency of the cylinder whenever the cross-flow vibration was excited. The smaller the structural stability parameter, the larger the in-line vibration. A pair of vortices was observed for large-amplitude in-line vibration. Table 1 . Table 1 , Re ¼ 500.
